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1. Introduction

It is common wisdom that a noncommutative extension of a quantum field theory can
be realized by replacing the standard commutative product with the Groenewald-Moyal
star product [fl, BJ. When applied to gauge theories, this approach should worry about
the fate of all the symmetries which, in the commutative case, are taken as the very
definition of the model and which allow a complete discussion of its renormalizability by
analyzing the integrated cohomology of the BRS operator in the ghost charge zero sector
(stability) and ghost charge one sector (anomaly). We would like to assume this point of
view from the very beginning and consider a noncommutative quantum gauge field model
to be defined by its symmetries, locality and power counting. Of course the presence of
the 0, parameter with inverse square mass dimension deeply affects the results of the
cohomology analysis; in a previous investigation [f], i}, where we have applied this method
to the two dimensional BF model whose action is expanded in power series of 8, we found
it to be unstable already at first order in 6 and also showed that the Groenewald-Moyal
extension is not the general solution of the symmetry constraints. In this paper we discuss
in the same framework the noncommutative Chern-Simons model, whose action has a
necessarily analytic expansion in the 6 parameter. We are able to carry out the analysis
to all orders and the Chern-Simons model turns out to be much more robust than the BF
one with respect to noncommutative deformations. Indeed, the model is unstable in the
sense that to any fixed order in #, the classical action acquires new contributions with new
free parameters, but these contributions never belong to the BRS cohomology, i.e. are BRS
variations. Even more important, the theory stays anomaly free to all orders. Now, the
absence of anomaly implies that the symmetry is maintained in the full noncommutative
extension and the fact that the new contributions to the action are BRS trivial leads to the



consideration that the noncommutative model can still be regarded as “renormalizable” in a
wider sense [fl, ], since all new parameters belong to the nonphysical sector of the theory.
Needless to say, the Groenewald-Moyal star product does not coincide with the general
extension we propose here. The plan of the paper is as follows: in section 2 we briefly
recall the defining symmetries of the classical model, the noncommutative Groenewald-
Moyal extension and set up the tools to analyze the quantum theory to all orders in 6.
Section 3 is devoted to the explicit discussion of the stability and anomaly problem up to
the second order in 0; the computation, whose feasibility relies on a previous result on the
general solution of the linear vector supersymmetry [, gives us a hint of what might be the
all order result, which is proven in detail in the appendix. Our conclusive considerations

are collected in section 4.

2. The classical model

The ordinary, commutative, Chern-Simons theory reads

k 2

Sos =5 Tr /d3x e (AM&,Ap — igAMAVAp> : (2.1)

where A, =T“Af, and the trace must be done on the group generators, which, for SU(n),
obey

Tr (T°T%) = 6% (2.2)

[T“, Tb} — jfabeqe (2.3)

1
{Ta,Tb} _ dabcTc + E(sab (2.4)

The action (R.1) is invariant under the nilpotent BRS transformations

$AY = —(Dye)" = —(9uc” + feAb )

1
sct = —i—§f“bccbcc (2.5)
sc = b
sb* =0,

where the fields ¢?(z), ¢*(x) and b*(z) represent ghost, antighost and Lagrange multiplier,
respectively, and belong to the adjoint representation of the gauge group.
The gauge fixing term is

Sgf = s/d?’x cﬂB“Az
= / Br (b*0A" + 0*(Dye)) . (2.6)

Notice that, in three dimensions the gauge parameter being massive, the Landau gauge

choice is mandatory.



Once gauge fixed, the action

S = Scs + 9 (2.7)

is invariant under an additional vector symmetry [§]

0,8 =0, (2.8)
where
1
oAy, = Eewapa@
duc” = —AZ (2.9)
duc® =0

5b" = D .

The vector symmetry (R.9) is peculiar to all topological field theories, and the algebra
formed with the BRS operator is

s2 =0 (2.10)
{0u: 60} =0 (2.11)
{s,9,} = Ou + eqgs of motion. (2.12)

This algebraic structure, like the ordinary global supersymmetry, closes on translations,
and plays a crucial role in the proof of finiteness of Chern-Simons theory, and of topological
quantum field theories in general [J, [[J).

Besides BRS symmetry (R.H) and supersymmetry (R.9), the action (R.7) shares with
all gauge field theories built in the Landau gauge, the ghost equation [[LT]

/d?’m (% + f“bccb%> S=G*S=0. (2.13)

In order to proceed towards the noncommutative extension of Chern-Simons theory, it
is customary to deform the ordinary product between quantum fields, into the Groenewald
- Moyal “star” product [fl,

B () — 0le) « ¥(2) = lim exp(SO7D0L) o(w)ly) (214)

where ¥ is a rank-two antisymmetric matrix which controls the noncommutative nature

of spacetime coordinates
[xH 2] = 6" . (2.15)

Consequently, the noncommutative Chern-Simons (NCCS) action reads
SNcos = 5 Tr [ d’°x € A, *x0,A, - Z§Aﬂ * A, xA,) . (2.16)

The action (P.If) can be fully expanded in power series of 6

Snocs = Y S\ecs (2.17)
n=0



where

Qg =9 (2.18)
1 o

Skdes = 0°%Sap (2.19)

Sl(\IQ()JCS = 0°%6" S5, (2.20)

and so on at higher orders. Up to second order in 6, S is given by eq. (2.7), and
1 abc 3 a 1 uvp b gc u=b c
Sap = §d d’z 9a A}, ¢ A, A, — 0" dpc (2.21)
1 1
Sapys = =3 fabe / &Pz Do AL, (65“”0655Aﬁ/1; + auabaﬁ(;&) (2.22)
Accordingly, always up to O(#?), the noncommutative BRS symmetry is

1 1
S(G)AZ — SAZ _ §6aﬁdabcaaAzaﬁcc + gaa,@(g’ﬂgfabcaaﬂ/AZaB&cc

1 1
s@c = sc 4 ZMdabcaacbaﬁcc —~ 1—606“50“5 FD0r D5 (2.23)
sWe = s¢*

sOpt = b .

On the other hand, the supersymmetry J,,, being linear in the quantum fields, is not affected
by the noncommutative extension

80 =4, . (2.24)

As a nontrivial property, it can be verified that the noncommutative deformation shares
with the ordinary theory the symmetries

S(G)SNCCS =0 (2.25)
5MSNCCS =0 (2.26)
G*Snces = 0 (2.27)
and the algebraic structure
)
<s ) =0 (2.28)
{6,,6,} =0 (2.29)
{5, du} = 0, + eqs of motion . (2.30)

Two remarks are in order.

The first concerns the choice of the gauge group of noncommutative gauge field theories,
which is known that it should be U(n) [il, BJ. The reason, is that the gauge group U(n) is
closed under the star product while SU(n), for instance, is not. This restriction does not
reveal itself in the noncommutative action, because of the trace which is done on the group
generators, which are traceless. But it is evident when composite operators are considered,



like S(G)AH and s®c in the BRS transformations. These expressions, indeed, involve the
anticommutator (R.4), which does not form an algebra, due to the central term %6“", and

are meaningful only for U(n) gauge groups, for which the central term disappears
U(n) : {T% T} = deT° . (2.31)

More subtle is the necessity of U(n) gauge groups to verify, for instance, the nilpotency of
the noncommutative BRS operator s(®) (B-23), order by order in 6. Nilpotency is achieved
only thanks to the following nontrivial relation between structure constants and completely
symmetric tensors

fabpfcdp _ dacpdbdp - dbcpdadp (232)

which holds for U(n) groups only [1J].
The second remark concerns the analyticity of the theory. The quantum action I'nccgs
does not have any non-analytic sector in 6. Indeed, let us suppose that the NCCS quantum

action I'ycos contains a sector which can be expanded in negative powers of

00
L)
FNCCS|non analytic — Z H_nrl\?CCS : (233)

n=1

recalling that % has mass dimensions 42, power counting implies that the mass dimension
(n) .
of I'yecg 18

dim (T'%q) = 3 — 2n, (2.34)

which, of course, must be a non-negative quantity. Thus, at most there is only one possible
term in the non-analytic expansion (2.33)
T = L 2.35
NCCS|non analytic — 5 NCCS > ( : )
but no such Fl(\}()]CS’ with mass dimension +1, can be constructed which is a color singlet
and gauge invariant.

Hence, the #-expansion of NCCS theory does not admit a non-analytical sector.

3. The quantum extension

)

Once we got rid of the non-analytical sector, the counterterm 2&9 can be fully expanded

in power series of 6:

s =3 "o £ (3.1)
n=0

In (B.T), the “dot” product denotes all possible ways to contract Lorentz indices in order
to form a scalar quantity. For example

-2 =g,n0m (3.2)

C

0%- 2P = 0,02 40,005 1 9,,0,,51P° (3.3)

C



In order that the action is stable under radiative corrections, the counterterm must
obey the following constraints!

g'x® = o (3.4)
sl =
5,20 =0 (3.6)

Recalling that the noncommutative BRS operator can be #-expanded
s = 50 L 1) L 42 ... (3.7)

order by order in 6, the stability equation (B.5) reads, up to O(6?)

0(0°) : sV =9 (3.8)
0(0") : sOx0 4 sHxO) —
0(6?) : <0>2g2>+s<1>2g1)+s<2>2<> 0 (3.10)

while the ghost equation (B.4) and the supersymmetry constraint (B.6), which do not mix
the f-sectors, hold at each order

Gg*em = o (3.11)
5,2 =0. (3.12)

For the analysis of the quantum extension of the theory, it is extremely helpful to know
the general solution of the supersymmetry equation

5, XP =0, (3.13)

where p and ¢ denote respectively mass dimension and ghost number of the functional X.
In [[f], it has been proven that the most general solution of ([B.13) is

XP = e'P5,8,0,X0 3 = XV (3.14)

Now, E((;O) is a local integrated functional with mass dimensions +3 and ghost number 0.
According to eq. (B.13) and eq. (B.14), it must be written

2O = 53x9 . (3.15)

Since the ghost operator G* (R.13) anticommutes with both the BRS and the supersym-
metry operators

(6,59} = {G*6,} =0, (3.16)

'We omit to introduce external fields to define the nonlinear BRS variations in () It is readily
seen indeed, that their presence, not altering at all our results, would make the treatment much heavier.
Therefore, without loss of generality, also at the quantum level we shall continue to deal with the BRS
operator, and not with the Slavnov-Taylor identity [E]



it must also be

G°XJ =0, (3.17)

but no functional with the correct quantum numbers exists, hence
x{=o0, (3.18)

and

>0 =90, (3.19)

We recovered here in a few lines a result which is already known, concerning the finiteness
of commutative Chern-Simons theory [[4, [[§]. This same technique easily leads us to get
new results at higher orders in 6.

Taking into account (B.19), at the first order in 6, 29) must obey

sOxM =9 (3.20)
g'xM =0 (3.21)
5,21 =0 (3.22)
From eq. (B-22), we have
s = *ogn (3.23)

since, in order that 6 - 29) has mass dimension +3, 29) must have dimension +5. In

general
dim(2(™) = 3 4 2n . (3.24)

The only possible term, satisfying also the ghost condition (), is

ng = /d?’x d*c9,,cPd,c° (3.25)
which is not BRS invariant
sO%3, #0, (3.26)
and therefore also
s©ox() #£0, (3.27)
since, on integrated functionals,
{s©. 6} =0. (3.28)

Hence, EE}V) is ruled out by the symmetry constraints, and
M =0. (3.29)

Therefore, the NCCS theory, at least at first order in 6, not only is stable under radia-
tive corrections, but, more than that, keeps the property of finiteness displayed by the
commutative theory.



At the next order in €, taking into account the previous results 220) = E((;l) =0, the
constraints on the counterterm become

sOn® = (3.30)
G*'v® =0 (3.31)
5,2 =0 (3.32)

Again, the most general solution of the supersymmetry condition (B.32), is
»@ = Bndim=t (3.33)

The situation here is a bit more involved: the most general O(#?) candidate satisfying the
ghost equation (B.31) and the supersymmetry condition (8.39), turns out to be

02 2@ = 5% (2. 1) = 5 / B (0u0"S + 00 + 0707 Tpe ) (3:34)
where
Y= /d?’x <T1[ab}6dc“pci’)cwz4g + alfabcc“pgci’)cf,) (3.35)

E;U/ = /de <T2[ab}6d M ZCCO-Ad +T[ab]Cd apC ZA?/"‘

+(agd™ + oz f“bc)c cbcw) (3.36)
Euupa _ /de <T(ab)6d a I;C;Ag +ay fabcc cbcc) , (337)

where ¢} (z) = 0,¢*(z), a; are constants and T4 are constant invariant tensors. Square
and round brackets mean antisymmetrization and symmetrization of color indices, respec-
tively.

The s operator, which does not depend on 6, does not mix the three sectors which
form 62 - 2&2), hence each of them can be studied separately

sO% =50%, =s0%,,,=0 (3.38)

where again we used eq. (B.2§).
A careful analysis of the above BRS conditions leads to the following relations between
the free parameters

sector 0,,,0""

Tl[ab]cd B Tl[ab}dc — qp fp fped (3.39)

Tl[ab]Cd + Tl[ab}dc = Tl[ab}(Cd) : undetermined (3.40)

sector 929,»\
TQ[ab] [ed] 4 Tg[Cd] [ab] _ % ( dpbd fpac . dpad fpbc . dpbc fpad + grac fpbd)
% Fopred =0 (3.41)

Tgab](“l), Tgab](Cd) : undetermined (3.42)



sector 0,,0,,

T4(ab)cd + Tiab)dc — 3a4dabpd1’75d (343)
T4(ab)0d - T4(0‘b)dc = Tél(ab)[Cd] : undetermined . (3.44)

Notice that, in order to write eq. (B.43), we used the relation (R.33), which holds only
for U(n) groups.

The three terms which form the counterterm (B.34)) are then
Y /de <<%fabpfpcd + Tl[ab](cd)> capcI;CCUAcal + alfabccapOCI;C(i) (345)

EAW — /d3x (TQ[ab]CdCZC,b,CCJAg + Tzs[ab}cdcapCZCZAg + (a2dabc + O‘3fabc)czgclb,cco> (3.46)

3
S uvpe = /d?’m <<§a4dabpdp0d —|—T4(ab)[0d}>cftcgc;14g + oy “bcczpc?,cf,> . (3.47)

The noncommutative theory, hence, starting from order O(6?), not only breaks finiteness,
but it is not even stable under radiative corrections, as the counterterm cannot be reab-
sorbed by a renormalization of field and parameter of the classical theory, nor it can be
expressed in terms of the Groenewald-Moyal product.

Nonetheless, we verified that, at least at O(#?), the above nine-fold (as many are
the free parameters) instability belongs to the nonphysical sector of the theory, since the
unstable counterterm can be written as an exact BRS cocycle

62. 5 = 563 / B (0u0"S + 0705 + 0707, (3.48)
where
S Q1 cabe a c L, lab)(cd a, co
Y= /dgx <7f bee chaA - §T1[ J(ed) pcpr Ag) (3.49)
S 3 abc abey qap b ¢ plablled] ap Ab ¢ ad
i d’z ((a2d™ + azf*)AYc) ¢, — Ty A AL (3.50)

1 _ bl 1, rab)(c
N <% fabpgped §T2[ b)( ‘“)cgc’; AP A gTz’E ol d>caﬂc§;A;Aﬁ>

S abc a c 1, (ab)[cd a c
Yvpo = /dgx <a4f b cycbp@MAU — §T4( )t }cuchpAgl) (3.51)

Notice that, in order to write the counterterm as an exact BRS cocycle, we had to use the
relation (B.41)), which, although not attractive, turns out to be important to get this result.
Hence, we found that, till order O(6?), the counterterm can be written as
2 = 50§83 xndim=0 3.52
c PII=2 0(62) ) ( )
where ¥J is a generic power series in 6, which depends on the ghost field ¢%(z) only if
differentiated. In the appendix, we show that the integrated cohomology of the BRS



operator s?) in the ghost sectors 0 and +1 is trivial, and hence the most general solution

of the BRS constraint (B.5) is

20 = 0% (3.53)
This result, together with eq.(B.14) on the solution of the supersymmetry condition, leads
us to conclude that, to all orders in h and 6, the most general counterterm of the NCCS

theory is indeed of the form (B.53)

0 = O §3ndim=0 (3.54)

C

We shall comment on this in the Conclusions.
For what concerns anomaly, analogous results hold. The noncommutative anomaly
A®  which has mass dimensions +3 and ghost number +1, must satisfy the same con-

straints as the counterterm

G A® =0 3.55)
5, A =0 3.56)
s@A0) = (Z 0" - s(”)> (Z em-A(m)> =0, (3.57)
n=0 m=0
and A must be closed but not exact

AD £ O (3.58)

The first two conditions (B.55)) and (B.5€) are solved by
AO) = §3 Adim=0 (3.59)

and A{ is a local integrated functional depending on the ghost field only if differentiated.
The BRS condition (B.57), up to second order in 6, reads

0(0°) : sOA® = (3.60)
001 : 504D 4 5040 — g (3.61)
0(02) . S(O)A(2) + S(I)A(l) + 3(2)A(0) =0. (362)

Now, A© and A® are ruled out by the solution (B:59): the commutative theory and its
noncommutative extension at O(#) are not anomalous

A0 — A = . (3.63)
At O(#?) the most general solution of the constraints is
A®) = 63/d3x <T1[ab}[Cd]ﬂwﬂ‘wcapcbpcwcg +TQ[ab][Cd}Hﬁﬁ)\Vc““cb”cC"cz—l—

I Tg[ab] [ed] GW epa O bV P Ao ) , (3.64)

,10,



which can be expresses as an exact BRS cocycle
AR — 50)s3 / A3z (Tl[ab} [Cd]HWH“”Aapcgcwcg + TQ[ab][Cd}eﬁﬁ,\,,Aa“cb”cc”cﬁ—i—
i T?Eab} [ed] auuepa Aok by cp cda) 7 (3.6 5)

and therefore, also at order O(6)?, we explicitly checked that the noncommutative theory
is not anomalous.
In the appendix we show that this result holds to all orders in 6 (and /) as well

A® =0 . (3.66)

4. Conclusions

In this paper we considered the noncommutative Chern-Simons theory, expanded in the
noncommutativity parameter 6,,,. This expansion covers the whole theory, since we showed
that a non-analytical expansion is not allowed in this case. Therefore, we faced with a
double expansion: a quantum expansion in / and a noncommutative one in 6,,,.

We gave the most general expression for the counterterm in (B.54). Due to the pres-
ence of a generic functional Y9, the counterterm depends on an infinite number of free
parameters, and, consequently, represents an infinite set of unstable radiative corrections
to the classical noncommutative action. Moreover, the counterterm cannot be written in
terms of the Groenewald-Moyal star product, which therefore turns out to be unstable
under radiative corrections. This seems to indicate that the quantum theory loses its link
to an underlying noncommutative structure of spacetime.

The optimistic counterpart, is that all the above considerations are confined to the
nonphysical sector of the quantum theory, which is also anomaly free. The bulk of the
theory maintains unaltered the good properties of the commutative one: the G function of
the noncommutative Chern-Simons coupling constant vanishes. We proved also that the
noncommutative parameter 6 is a nonphysical coupling constant, since, like what happens
for gauge parameters, the fact that the counterterm is an exact BRS cocycle implies that

Q)
ewar =5 /d% AT (4.1)
96,.,

where I'?) is the quantum noncommutative action, and A - T®) is a quantum insertion.

These results suggest to infer that the noncommutative extension leads to a quantum
field theory which is consistent as long as the physical sector is concerned, while it is less
meaningful for the part of the theory which determines the anomalous dimensions.

We stress that the job has been greatly simplified in the case we considered: a three
dimensional topological field theory whose dependence on the noncommutative parameter is
completely analytic, and whose set of symmetries, in particular the vector supersymmetry,
allowed us to study thoroughly higher orders in both & and 6.

It would be extremely interesting to make analogous investigations in more physically
relevant quantum field theories, like for instance Yang-Mills, or also Maxwell theory.

— 11 —



A. All orders results

A.1 Anomaly

We want to show that the general solution of the Wess-Zumino consistency condition on

the anomaly
s A0 =0 (A.1)

is an exact BRS cocycle

AO) = 5@ 40) (A.2)

Where A? and A? are integrated local functionals with mass dimension +3 and ghost
number +1, which can be expressed, like the BRS operator s(?), as power series in 6

AD =3 g AN (A.3)
n=0

s =>"gm. s, (A.4)
n=0

where the same prescription as in (B.1]) is adopted concerning the “dot” products.
The global equation (JA.1]), written on local forms, reads

sOA3(x) + dA(x) =0, (A.5)

where Af(z) is a local p-form with ghost number ¢, and d is the exterior derivative.
In section 3 we showed that, up to second order in 6, it holds

2
(AH)®) = (s<9>Ag + dA%)( "2 SO 4 DD 1 5D (4O + a4 (A6)

and we neglect that, in particular, (A3)© = (A3)M) = 0, due to the ghost equation.
The proof develops by induction: we assume that, up to order n — 1, it holds

(n—1)
(A3 (D) = (s<9>A3 + dA%) (A7)
= 5O =D  sM (A2 L g2 43) (D)
+sTD A + d(AD

and we want to show that, also at the next order,
(n)
(A3 = (&mg + dA%) (A.8)

— 8(0)(Ag)(n) + 5(1)(A8)("_1) I S(n—l)(Ag)(l)
5 (AD + d(AD) ™,

where (A3)(™) satisfies the equation ([A.) at the order O(A™), that is

5(0)(,4?)(") + S(1)(}15’1))(71—1) N S(n—l)(A?f)(l) + S(n)(Af’lﬁ)(O) + d(A%)(") =0. (A9

- 12 —



Substituting (A.7) in (A.9), and grouping the same §-powers of A3, we get

5O (A3 4
s O (A2) (=14
((s)2 4 s@ 5Oy (A3 =2 4. 4 (A.10)
(sWMs=2) 4 s g(n=3) .4 g(n=2) (1) 4 g(=1) g0 (A3 4
(sWsn=1 4 @ gn=2) 4 . 4 g(=Dg(1) 4 () 500y A3)(0) 4
(n) —

d(A3)"™ = 0.

Using the nilpotency relation at O(0™)

the eq.(A.1() writes
RO <(A:f)(") — s (n=D) _ @ (g3)n=D) _ . =1 g3y
SO ADO) + dA™ =0, (A12)

which is an equation of cohomology modulo-d for the ordinary, commutative, nilpotent,
BRS operator s(©).

At this point, we proceed as usual, applying s to both sides of (A.12), using the
anticommutation relation {S(O),d} = 0, the nilpotency d*> = 0, and the fact that the
cohomology of d is empty, and we get the following descent equations [[[J], which hold for
each O(6")

sO (A3 1+ d(AH™ = 0 (A.13)
sO(AH™ L dAD™ =0 (A.14)
sOUAH™ = 0. (A.15)

The last equation ([A.13) is a local cohomology equation for s and we know that it is
formed by odd polynomials in the undifferentiated ghost ¢*(x) [[[3]

H(s) = Poaalc) - (A.16)

Therefore, in the sector with even ghost number, the local cohomology of s is empty,
and the solution of (|A.17) is
(AD™ = 5D (A9 ™. (A.17)

Now, it is easy to mount the descent equations, remembering ([A.1§) and the fact that the
ghost field has vanishing mass dimensions. We get

(A2 = sO U™ 1 qaly™ (A.18)

which, substituted in ([A.19), transforms the problem of cohomology modulo-d into a prob-
lem of local cohomology

5O <(A§)<n> ~ s B L g g3y (D) ) 43)(0) d(Ag)(m) —0, (A.19)

,13,



which is solved by (A.§), which was our aim.

Therefore, at any order in 6, the solution of the Wess-Zumino consistency condition
(AT) is only the trivial one ([A.2), and the noncommutative Chern-Simons theory is not
anomalous.

A.2 Counterterm

The computation of the counterterm follows the same steps as the anomaly. We want to

solve the BRS constraint on the counterterm
s@O»n®) — 0, (A.20)

where () is a local integrated functional with mass dimensions 4+3 and ghost number 0,
which can be expanded in power series of 6

2@ =3 "¢ o (A.21)
n=0

Written in terms of differential forms, ([A.2() reads
sOS3(x) +ds(z) =0. (A.22)
In section 3 we showed that, up to second order in 6,
()@ = (5753, 4 dx2)@ . (A.23)

By induction, we suppose that, up to 0(9("—1))’
3\ (n—1 0) 53 2) ("1
(53)n=1) = (s< )y 4 dzo) , (A.24)
and we want to show that, at the next order,

(=H = (s<9>2§1 + dzg) ) : (A.25)

where (X3)(™ is constrained to satisfy (A.23). Substituting (A:24) in (A23), reordering
terms and using the nilpotency relation (JA.11]), in an analogous way to the anomaly case,

we land on a local cohomology modulo-d problem for the ordinary BRS operator s(¥:
50 <(gg)(n) —sMW(x3 =D S(n)(ggl)m)) +dEH)™ =, (A.26)

which yields the descent equations

sOEHM 4 quh)™ =0 (A.27)
sOEH L aEH™ =0 (A.28)
sOEH™ = 0. (A.29)

The last ([A.29) is a local cohomology equation for the ordinary BRS operator, for which
the result (A.14) holds. This time the ghost charge of the 0-form (X9)(™ is odd, but,

— 14 —



since its mass dimension is 2n, the local cohomology also in this case is vanishing, since

no dimensionful quantities can be constructed with polynomials of undifferentiated ghost
fields. Hence
()™ = sOH™ . (A.30)

The descent equations are easily mounted, up to
(EDH™ = sOE™ +d=h™ (A.31)

which, substituted in (JA.26), leads to a local cohomology problem, solved by ([A.25).
Therefore, we have shown that the integrated cohomology of s() is empty in all sectors
O(0m), with n > 1.
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